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Ising model with free boundary conditions. The new upper bound quantifies the
simultaneous decay of correlations due to weakness of nearest-neighbor coupling
constants and the effect of external fields. The proof constitutes an application of
random currents to a non-ferromagnetic Ising model.

Keywords: random Ising model; antiferromagnetic; disodered systems; Ising; decay of correla-
tions; random current.
MSC2020 subject classifications: Primary 82B20, Secondary 60K35.
Submitted to ECP on February 12, 2026, final version accepted on June 16, 2026.

1 Introduction

1.1 The model

We consider the one-dimensional heterogeneous Ising model on a finite subset
{0, . . . , N} ⊂ Z, with nearest-neighbor edges. The model takes as parameters a set
of two-site coupling coefficients J = {Jx ∈ R≥0}N−1

x=0 as well as site-specific external field
strengths h = {hx ∈ R}Nx=0. Note that we require, without loss of generality, that all
Jx > 0. The Hamiltonian for the model can be written as

HJ,h(σ) := −
N−1∑
x=0

Jxσxσx+1 −
N∑

x=0

hxσx, (1.1)

where σ = {σx}Nx=0 ∈ {±1}N+1 is a spin configuration on the vertices of the lattice. We
take σ to be a random variable distributed according to the Gibbs measure

µJ,h(σ) :=
1

ZJ,h
exp(−HJ,h(σ)), (1.2)
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A correlation bound for the 1D Ising model

where we have used for normalization the partition function

ZJ,h :=
∑

σ∈{±1}N+1

exp(−HJ,h(σ)). (1.3)

We have omitted a temperature parameter, which can be considered to be absorbed by
the parameters J and h. Expectations with respect to the Gibbs measure will be denoted
by 〈·〉J,h, and covariances will be denoted by covJ,h(·, ·).

If a particular subinterval {i, . . . , j} of the lattice is of interest, then integrating out
spin variables situated on {0, . . . , i − 1} ∪ {j + 1, . . . , N} yields a measure of a similar
form to the original, with adjusted effective fields at points i and j to account for the
influence of external spins. The following lemma makes this statement precise, and its
proof is given in Appendix A.

Lemma 1.1. For given points i < j in {0, . . . , N} with specified parameters J and h,
there exist effective fields h′

i, h
′
j ∈ R at i and j, respectively, such that the Gibbs measure

on (σi, . . . , σj) defined as in Equation (1.2) from the effective Hamiltonian

H ′
J,h′((σi, . . . , σj)) := −

j−1∑
x=i

Jxσxσx+1 −

(
h′
iσi +

j−1∑
x=i+1

hxσx + h′
jσj

)
(1.4)

is equal to the marginal measure of µ on (σi, . . . , σj). Moreover, if i 6= 0 then |h′
i − hi| ≤

Ji−1, and if j 6= N then |h′
j − hj | ≤ Jj .

1.2 Decay of correlations of the 1D Ising model

Of primary interest to us will be the quantity covJ,h(σi, σj). For the homogeneous
Ising model, one can apply the transfer matrix method introduced by Kramers and
Wannier in [20] to compute the covariance directly from the eigenvalues of a 2 × 2

transfer matrix product. If the coefficients are taken to be heterogeneous or random,
then the transfer matrix method can still be used, with the matrix whose eigenvalues
determine the covariance being a product of non-identical and possibly random matrices.
The setting in which coefficients are i.i.d. random has been particularly well-studied,
starting with the work of Derrida and Hilhorst in [9], and many questions regarding the
distribution of covariances for finite one-dimensional Ising models in this setting are
addressed in [7, 8]. In the separate setting of a one-dimensional torus with no external
field, some correlation inequalities are derived in [6], although these inequalities are
concerned with the signs of covariances rather than estimating their magnitude.

Also of interest is the rate of exponential decay of the covariance for long distances;
that is, the quantity

1

ξ
:= lim sup

{i,...,j}↑Z

[
− log

covJ,h(σi, σj)

|j − i|

]
, (1.5)

where the limit is taken in a suitable sense. If the model parameters are selected
i.i.d. from a well-behaved distribution, then the above rate exists as a limit as the
random transfer matrix products converge almost surely to deterministic growth rates
[13, 23, 19, 22]. In general, the decay rate cannot be expressed in closed form. However,
convergent series expansions of the Lyapunov exponent have been found [24, 25]. A case
of particular interest has been the strong-coupling limit, under which the asymptotic
behavior of the Lyapunov exponent has also been studied in detail [10, 17, 14, 5].

Nevertheless, the connection between this decay rate and the original parameters
of the model is typically opaque based on existing literature. One simple bound in
terms of the coupling constants results from the Ding-Song-Sun inequality [11], which
bounds the covariance by the corresponding covariance under the same two-site coupling
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constants and no external field, in which case the Gibbs measure decomposes into a
product measure with covJ,0(σi, σj) =

∏j−1
x=i tanh(Jx). An exponential decay rate in the

presence of constant external fields was found in [21], and an argument for a similar
result presented in [18] served as an inspiration for the arguments presented here. Our
results interpolate between these two conclusions, see Remark 1.3.

1.3 Summary of results

Our main result is the following upper bound on covariances.

Theorem 1.2. For a set of nonnegative coupling constants J, any external field h, and
any two points i < j on the lattice {0, . . . , N}, we have

covJ,h(σi, σj) ≤

(
j−1∏
x=i

4 tanh(Jx)

(1 + tanh(Jx))2

)
4e

−2
∣∣∣h′

i+
∑j−1

x=i+1 hx+h′
j

∣∣∣(
1 + e

−2
(
|h′

i|+
∑j−1

x=i+1 |hx|+|h′
j |
))2 , (1.6)

where h′
i and h′

j refer to the effective fields at points i and j, respectively, obtained by
integrating out all spin sites not between i and j.

Remark 1.3. Each factor of 4 tanh(Jx)
(1+tanh(Jx))2

for i ≤ x ≤ j − 1 in (1.6) can be improved,

with only minor adjustments to the argument, to an explicit function of tanh(Jx) and
|h|, taking a value between tanh(Jx) and

4 tanh(Jx)
(1+tanh(Jx))2

, and decreasing to tanh(Jx) as the

external field |h| vanishes. The form of this function is seen toward the end of the proof
of Lemma 2.9 (see also Remark 2.13). We present results with the worst-case bound for
simplicity.

Theorem 1.2 is derived from Theorem 1.4, an upper bound on covariances applying
only to nonnegative external fields, and Lemma 1.5, an inequality relating Ising covari-
ances due to signed interactions to their counterparts found when taking the absolute
values of all interactions. We give both auxiliary statements below.

Theorem 1.4. For a set of nonnegative coupling constants J and nonnegative external
field h, and any two points i < j on the lattice {0, . . . , N},

covJ,h(σi, σj) ≤

(
j−1∏
x=i

4 tanh(Jx)

(1 + tanh(Jx))2

)
1

cosh2
(
h′
i +
∑j−1

x=i+1 hx + h′
j

) . (1.7)

Lemma 1.5. For an Ising model on a graph Λ with J and h denoting respectively the
two-site coupling coefficients and site-dependent external fields, both possibly signed,
we have

| covJ,h(σi, σj)| ≤ cov|J|,|h|(σi, σj)

(
Z|J|,|h|

ZJ,h

)2

. (1.8)

for any two sites i and j.

Both Theorem 1.4 and Lemma 1.5 take advantage of the random current expansion.
The use of random currents to study covariances as in Theorem 1.4 is standard, as in
[3, 4, 12]. The proof of Lemma 1.5 relies on a recent extension of random currents to
handle both positive and negative interactions introduced in [2]. Such an application is
atypical, as most past applications of random currents have handled only nonnegative
interactions. An introduction to the random current expansion and proofs of Theorem 1.2,
Theorem 1.4, and Lemma 1.5 will be given in Section 2.

1.4 A note on prior versions of the article

A previous version of this article involved a different handling of the extension
of the random current representation to non-ferromagnetic interactions from what is
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presented here. While that version was in review, a similar, but in our view more
powerful, treatment of non-ferromagnetic interactions was introduced in [2]. In light of
this development and reviewer feedback, we have restructured the article to adopt the
conventions of [2] and to present the proof of the main theorem as straightforwardly as
possible. We recommend that the interested reader refer to [2, Section 7] for details on
the use of random currents for non-ferromagnetic interactions.

2 Proofs of the main results

To prove Theorem 1.4 and Lemma 1.5, we will use the random current expansion
of the Ising model as introduced in [1, 2]. To begin this section, we will state some
important results on random currents. Following this, we will outline and prove Theorem
1.4. The section will conclude with proofs of Lemma 1.5 and Theorem 1.2.

2.1 The random current expansion for signed interactions

The random current expansion is a tool for representing correlations between spins
at different sites of an Ising model. We present it here allowing for general signed
interactions. Taking a graph Λ with edges E ⊂ Λ× Λ, we can consider an Ising model
with coupling constants {Je ∈ R}e∈E and no external field. The following definitions will
provide the foundation for the discussion that follows:

Definition 2.1. A current is a nonnegative integer-valued function n : E → N0. Given
the coupling constants {Je ∈ R}e∈E , a random current refers to a current whose value is
sampled from the measure

P({n}) :=
∏
e∈E

exp(−|Je|)
|Je|n(e)

n(e)!
. (2.1)

In other words, the random current measure P is a product of Poisson measures on each
of the edges, with |Je| giving the rate of arrivals of n(e) on any edge e ∈ E.

Definition 2.2. For a (fixed) current n, we define the boundary ∂n to be

∂n :=

{
x ∈ Λ :

( ∑
e∈E:x touches e

n(e)

)
is odd

}
,

which must be of even cardinality.

Because the boundary of a current will depend on the evenness or oddness of values
that it takes on the edges, we recall the following facts about Poisson random variables.

Remark 2.3. Let X be a Poisson random variable with rate λ ≥ 0. Then,

PX(X = 0) = exp(−λ); (2.2)

PX(X even) = exp(−λ) cosh(λ); (2.3)

PX(X odd) = exp(−λ) sinh(λ). (2.4)

In particular, PX(X even) ≥ PX(X odd).

It can be shown using arguments in [2, Sections 4,7] that for any set of vertices
A ⊆ Λ, thermal moments of the spin variable take the form

Z̃J,0

〈∏
x∈A

σx

〉
J,0

=
∑

n:∂n=A

P({n})(−1)#
−
J (n) = E

[
(−1)#

−
J (n)1{∂n=A}

]
, (2.5)

where we have defined

Z̃J,0 :=
ZJ,0

2|Λ| exp
(∑

e∈E |Je|
) , (2.6)
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and #−
J (n) represents the total number of arrivals of n on edges where J is negative.

External fields are handled with Griffiths’ ghost spin trick, first introduced in [15], in
which we append another site g to the lattice and fix σg = +1 to break the global spin-flip
symmetry. Along with g, we add an additional edge to the graph connecting g to each
vertex in Λ. Then, treating the external field hx at a site x ∈ Λ as the coupling constant
of an interaction between x and g, we can carry out the same expansion as above to
obtain the result

Z̃J,h

〈∏
x∈A

σx

〉
J,h

= E
[
(−1)#

−
J,h(n)1{∂n=A}∪{∂n=A∪{g}}

]
, (2.7)

where Z̃J,h and #J,h(n) are defined in the same way as Z̃J,0 and #J(n), treating connec-
tions from sites in Λ to g as additional edges.

A combinatorial argument from [16, Lemma 1] when applied to the random current
measure yields the so-called “switching lemma,” which was first stated in the context of
random currents in [1, Lemma 3.2]. A particular consequence of that result that is of
interest to us is the following:

Lemma 2.4 (Consequence of the switching lemma). The covariance between two sites
i, j ∈ Λ can be written in the form

(Z̃J,h)
2 covJ,h(σi, σj) = E

[
(−1)#

−
J,h(n1+n2)1

{∂n1=∅,∂n2={i,j},����
i

n1+n2←−−−→g}

]
, (2.8)

where the expectation is taken over two i.i.d. random currents n1,n2, and the notation

�����
i

n1+n2←−−−→ g denotes the event that there is no path from i to g along edges on which either
n1 or n2 takes a nonzero value.

In particular, when J and h are all nonnegative, we have

covJ,h(σi, σj) =
P({∂n1 = ∅, ∂n2 = {i, j},�����

i
n1+n2←−−−→ g})

(P({∂n = ∅}))2
. (2.9)

Proof. It follows from Equation (2.7) and Definition 2.2 of the boundary that

(Z̃J,h)
2 〈σiσj〉 = E

[
(−1)#

−
J,h(n1+n2)1{∂n1=∅,∂n2={i,j}}

]
(2.10)

and

(Z̃J,h)
2 〈σi〉 〈σj〉 = E

[
(−1)#

−
J,h(n1+n2)1{∂n1={i,g},∂n2={j,g}}

]
. (2.11)

As the difference between these expressions will yield the left-hand side of Equation (2.8),
it suffices to show that

E
[
(−1)#

−
J,h(n1+n2)1{∂n1={i,g},∂n2={j,g}}

]
= E

[
(−1)#

−
J,h(n1+n2)1

{∂n1=∅,∂n2={i,j},i
n1+n2←−−−→g}

]
.

(2.12)

For a proof of this fact, we refer the reader to [2, Lemma 4.2].

Equation (2.9) follows from Equation (2.8): When all coupling constants and ex-

ternal fields are nonnegative, (−1)#
−
J,h(n1+n2) equals 1. Thus, from Equation (2.7) and

Definition 2.2 we have that Z̃J,h = P({∂n = ∅}), and (2.8) rearranges to yield (2.9).
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2.2 Proof of Theorem 1.4

In this section, for simplicity we set i = 0 and j = N , which by Lemma 1.1 extends
to general i, j making the proper substitutions hi → h′

i and hj → h′
j . For notational

convenience, we make some additional definitions. First, we decompose currents on the
extended one-dimensional lattice with a ghost site into currents on the original edges of
the lattice and currents on the edges appended to connect to the ghost site.

Notation 2.5. In this section, C will denote the space of all currents on the extended
lattice, CΛ will denote the space of currents supported on nearest-neighbor edges within
Λ := {0, . . . , N}, and Cg will denote the space of currents supported on edges connecting
to the ghost site g introduced in Subsection 2.1. Any n ∈ C on the extended lattice with
a ghost spin can be decomposed uniquely in the form n = nΛ ⊕ ng, where nΛ ∈ CΛ and
ng ∈ Cg. Moreover, ng and nΛ are independent when n is sampled from P.

Additionally, we will use the following conventions:

Notation 2.6. For a given ng, we let ng(x) for x ∈ {0, . . . , N} denote the value taken
by ng on the edge connecting x to g. Similarly, for a given nΛ, we let nΛ(x) for x ∈
{0, . . . , N − 1} denote the value taken by nΛ on the edge (x, x+ 1). In general, edges will
be indexed by their left vertex.

To prove Theorem 1.4, we first show that Equation (2.9) in the one-dimensional
context, with currents decomposed as in Notation 2.5, yields the following formula:

Lemma 2.7. The spin variables at the endpoints of {0, . . . , N} obey the covariance
identity

cov(σ0, σN ) =

N−1∏
x=0

tanh(Jx)

[
P({nΛ even})P({ng ≡ 0})

P ({∂nΛ = ∂ng})

]2
, (2.13)

where we define the event {nΛ even} to mean that nΛ(x) is even for all x ∈ {0, . . . , N −1}.
Similarly, we define {nΛ odd} to mean that nΛ(x) is odd for all x ∈ {0, . . . , N − 1}.

The main simplification due to the constrained nature of the one-dimensional setting
occurs in the numerator of Equation (2.9).

Lemma 2.8. The event {∂n1 = ∅, ∂n2 = {0, N},�����
0

n1+n2←−−−→ g} is equivalent to the following
three conditions all being met:

(i) nΛ
1 (x) is even for all x ∈ {0, . . . , N − 1};

(ii) nΛ
2 (x) is odd for all x ∈ {0, . . . , N − 1}; and

(iii) ng
1 and ng

2 are both identically zero.

Proof. First, suppose that (n1,n2) ∈ C2 belongs to the event in the numerator of Equation

(2.9). The condition that�����
0

n1+n2←−−−→ g implies that ng
1(0) = ng

2(0) = 0, and ng
1(x) = ng

2(x) = 0

for any x that is connected to 0 via n1 + n2.
Using these observations and considering the requirements that 0 /∈ ∂n1 and that

0 ∈ ∂n2, we deduce that nΛ
1 (0) is even and that nΛ

2 (0) is odd. Thus, vertex 1 is connected
to 0 at least by n2, and so ng

1(1) = ng
2(1) = 0. Proceeding inductively, if vertex x > 0 is

connected to 0 with nΛ
1 (x−1) being even and nΛ

2 (x−1) being odd, then ng
1(x) = ng

2(x) = 0,
and if x < N then the fact that x /∈ ∂n1 ∪ ∂n2 implies that nΛ

1 (x) is even while nΛ
2 (x) is

odd and connects x+ 1 to all vertices to its left. This recursion continues until it reaches
j, verifying that the conditions listed in Lemma 2.8 are all met.

Conversely, suppose that all three conditions (i)–(iii) are satisfied. By examining the
outgoing currents at any vertex, it is easy to verify that ∂n1 = ∅ and that ∂n2 = {0, N}.
Moreover, given that ng

1 and ng
2 are identically zero, no points 0, . . . , N connect to g, and

thus (n1,n2) belongs to the event in the numerator of (2.9).
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The proof of Lemma 2.7 follows:

Proof of Lemma 2.7. As a result of Lemma 2.8, we can write

P({∂n1 = ∅, ∂n2 = {0, N},�����
0

n1+n2←−−−→ g})
= P({nΛ

1 even})P({nΛ
2 odd})P({ng

1 ≡ 0})P({ng
2 ≡ 0}).

(2.14)

Applying Remark 2.3, we can rewrite the above expression as

N−1∏
x=0

tanh(Jx)
[
P({nΛ even})P({ng ≡ 0})

]2
. (2.15)

Additionally, the condition ∂n = ∅ is equivalent to ∂nΛ = ∂ng. By substitution into
Equation (2.9), we obtain Equation (2.13).

To understand the behavior of the denominator of Equation (2.13), it is worth noting
that only ng with

∑N
x=0 n

g(x) being even can contribute to P({∂nΛ = ∂ng}). In the next

lemma, we derive a bound on this probability, conditioned on
∑N

x=0 n
g(x) being even.

Lemma 2.9. The random current measure on {0, . . . , N} respects the bound

P
(
{∂nΛ = ∂ng} |

{∑N
x=0 n

g(x) even
})

P({nΛ even})
≥

N−1∏
x=0

1 + tanh(Jx)

2
. (2.16)

Because the dependence of nΛ on ng under the condition {∂nΛ = ∂ng} will be global,
we introduce the following terminology:

Definition 2.10. If ng ∈ Cg, then we will say that an edge (x, x+ 1) “splits ng evenly”
if
∑

y≤x n
g(y) and

∑
y≥x+1 n

g(y) are even and that (x, x + 1) “splits ng oddly” if both

summations are odd. If ε = {εx}N−1
x=0 ∈ {odd, even}N , then we will say that ng is split

according to ε if individual edges (x, x+1) split ng evenly whenever εx = even and oddly
whenever εx = odd.

The following lemma informs how path-uniqueness simplifies the event {∂nΛ = ∂ng}.
Lemma 2.11. Let ng ∈ Cg be fixed. Then a current nΛ ∈ CΛ satisfies the relation
∂nΛ = ∂ng if and only if ng is split evenly by the edges on which nΛ is even and split
oddly by the edges on which nΛ is odd.

Proof. Suppose first that ∂nΛ = ∂ng. Starting from the left, nΛ(0) must have the same
parity as ng(0) because no other edges connect to vertex 0. Proceeding inductively,
take x to be such that nΛ(x) has the same parity as

∑x
y=0 n

g(y). If ng(x + 1) is even,

then
∑x+1

y=0 n
g(y) will have the same parity as

∑x
y=0 n

g(y), while nΛ(x+ 1) must have the

same parity as nΛ(x) to ensure that an even number of arrivals from nΛ touch x + 1.
On the other hand, if ng(x + 1) is odd, then

∑x+1
y=0 n

g(y) will have the opposite parity

as
∑j

y=0 n
g(y), just as nΛ(x+ 1) and nΛ(x) must have opposite parities so that an odd

number of arrivals from nΛ will touch x+ 1. We can thus conclude inductively that nΛ(x)

has the same parity as
∑x

y=0 n
g(y) for all (x, x + 1). Arguing symmetrically, the same

must be true of
∑N

y=x+1 n
g(y).

Conversely, if the parities of nΛ(x),
∑x

y=0 n
g(y), and

∑N
y=x+1 n

g(y) are the same for
all x ∈ {0, . . . , N − 1}, we can take any x ∈ Λ and write

ng(x) =

N∑
y=0

ng(y)−
x−1∑
y=0

ng(y)−
N∑

y=x+1

ng(y), (2.17)
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where on the right-hand side, the first summation is even, the second summation has
the same parity as nΛ(x− 1) if x > 0 or is zero if x = 0, and the third summation has the
same parity as nΛ(x) if x < N or is zero if x = N . Thus, ng(x) has the same parity as the
total number of arrivals of nΛ on edges either side of vertex x, implying that x ∈ ∂ng if
and only if x ∈ ∂nΛ. It follows that ∂nΛ = ∂ng.

The next auxiliary result is an FKG inequality for functions dependent on the parity
that ng takes on each edge.

Lemma 2.12. For ε ∈ {even, odd}N , define

P̃({ε}) := P

(
{ng splits according to ε} |

{
N∑

x=0

ng(x) even

})
. (2.18)

Then P̃ satisfies the FKG lattice condition with respect to the partial order induced by
letting odd ≺ even; that is,

P̃({ε1})P̃({ε2}) ≤ P̃({ε1 ∨ ε2})P̃({ε1 ∧ ε2}) (2.19)

for any ε1, ε2 ∈ {even, odd}N , where ∨ (respectively ∧) combines ε1 and ε2 by leaving
unchanged all values where they agree and assigning even (resp. odd) to positions where
there is a disagreement.

Proof. By Definition 2.10, the condition
{∑N

x=0 n
g(x) even

}
is automatically satisfied

whenever ng is split according to any set of parities, so it suffices to show (2.19) for the un-
conditioned measure P. Under P and for a specific ε, the event {ng splits according to ε}
decomposes into an intersection of independent events, each specifying that ng(x) must
take a certain parity for each x from 0 to N (see also proof of Lemma 2.11). Indeed, let
us consider the case x ∈ {1, . . . , N − 1}. Then by Definition 2.10, the number ng(x) must
be even if εx−1 = εx, and odd if εx−1 6= εx. In the case x ∈ {0, N}, ng(x) must have the
same parity as ε0 or εN−1, respectively.

As a consequence, both sides of Equation (2.19) can be decomposed into products
of probabilities that ng(x) will have the requisite parity given by ε1 or ε2 or their
supremum or infimum. We claim that the contribution of these probabilities involving
each individual x in (2.19) will be no greater on the left than it is on the right. Let us
consider x ∈ {1, . . . , N − 1}, and for any ε, we write ε|x−1,x to denote the pair (εx−1, εx);
that is, the values taken by ε on the edges either side of x. A similar argument to the
following, with the role of ε|x−1,x taken up instead by the value of ε on only one bordering
edge, would prove the claim for x = 0 and x = N .

The parity required of ng(x) by each of the factors in the decomposition of (2.19) will
be determined by ε1|x−1,x and ε2|x−1,x on the left, and (ε1 ∨ ε2)|x−1,x and (ε1 ∧ ε2)|x−1,x

on the right. For each x, either ε1|x−1,x � ε2|x−1,x, ε1|x−1,x � ε2|x−1,x, or the two
quantities are incomparable. In either of the first two cases, factors involving ng(x) in
the decomposition of the left-hand side of (2.19) will appear unchanged on the right-hand
side. Otherwise, the only incomparable pairs are (even, odd) and (odd, even), which must
be ε1|x−1,x and ε2|x−1,x in some order, both of which require ng(x) to be odd. Then
(ε1 ∨ ε2)|x−1,x and (ε1 ∧ ε2)|x−1,x will equal (even, even) and (odd, odd), respectively, each
requiring ng(x) even. Thus, for each x, ng(x) cannot be odd more times in the events
on the right than on the left. Per Remark 2.3, this implies the claim stated above, and
multiplying all probabilities together gives (2.19).

We now prove Lemma 2.9.
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Proof of Lemma 2.9. Writing

P

(
{∂nΛ = ∂ng} |

{
N∑

x=0

ng(x) even

})
= E

[
P({∂nΛ = ∂ng} | ng) |

{
N∑

x=0

ng(x) even

}]
,

(2.20)
Lemma 2.11 makes it possible to rewrite the inner conditional probability as

P(∂nΛ = ∂ng | ng) =

N−1∏
x=0

(P(nΛ(x) even)1{(x, x + 1) splits ng evenly}

+ P(nΛ(x) odd)1{(x, x + 1) splits ng oddly}).

(2.21)

Using P({nΛ even}) =
∏N−1

x=0 P({nΛ(x) even}), a combination of (2.20) and (2.21) yields

P
(
{∂nΛ = ∂ng} |

{∑N
x=0 n

g(x) even
})

P({nΛ even})
= E

[
N−1∏
x=0

fx(n
g) |

{
N∑

x=0

ng(x) even

}]
, (2.22)

where we have defined

fx(n
g) := 1{(x, x + 1) splits ng evenly} +

P(nΛ(x) odd)

P(nΛ(x) even)
1{(x, x + 1) splits ng oddly} (2.23)

= 1{(x, x + 1) splits ng evenly} + tanh(Jx)1{(x, x + 1) splits ng oddly}. (2.24)

In the last step we used Remark 2.3.
We observe that {fx}N−1

x=0 only depend on the parities of ng and are monotone and
non-negative. Indeed, as 0 ≤ tanh(Jx) ≤ 1, flipping an edge from odd to even only
increases fx. So we can apply the FKG inequality for the conditioned measure P̃ as
defined in Lemma 2.12. As a result, we get

E

[
N−1∏
x=0

fx(n
g) |

{
N∑

x=0

ng(x) even

}]
≥

N−1∏
x=0

E

[
fx(n

g) |

{
N∑

x=0

ng(x) even

}]
. (2.25)

Recalling Remark 2.3, we calculate that conditioned on
{∑N

x=0 n
g(x) even

}
the edge

(x, x+ 1) splits ng evenly with probability

cosh
(∑x

y=0 hy

)
cosh

(∑N
y=x+1 hy

)
cosh

(∑N
y=0 hy

) =: pevenx , (2.26)

while it splits ng oddly with probability

sinh
(∑x

y=0 hy

)
sinh

(∑N
y=x+1 hy

)
cosh

(∑N
y=0 hy

) =: poddx . (2.27)

Therefore,

E

[
fx(n

g) |

{
N∑

x=0

ng(x) even

}]
= pevenx + poddx tanh(Jx) ≥

1 + tanh(Jx)

2
. (2.28)

Remark 2.13. In Equations (2.26) and (2.27), when the external field on either side of
(x, x+ 1) vanishes, we see that pevenx approaches 1 while poddx approaches zero. We then
get a stronger lower bound, recovering 1 in (2.28) with no external field.
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Combining this bound with the identity given in Lemma 2.7, we can now prove
Theorem 1.4.

Proof of Theorem 1.4. Working from Equation (2.13), it suffices to show that

P({nΛ even})P({ng ≡ 0})
P({∂nΛ = ∂ng})

≤
N−1∏
x=0

(
2

1 + tanh(Jx)

)
1

cosh
(∑N

x=0 hx

) . (2.29)

To obtain this bound, we can decompose the denominator in the form

P({∂nΛ = ∂ng}) = P

(
{∂nΛ = ∂ng} |

{
N∑

x=0

ng(x) even

})
P

({
N∑

x=0

ng(x) even

})
.

(2.30)
The inequality

P({nΛ even})

P
(
{∂nΛ = ∂ng} |

{∑N
x=0 n

g(x) even
}) ≤ N−1∏

x=0

(
2

1 + tanh(Jx)

)
(2.31)

is implied by Lemma 2.9. The random variable
∑N

x=0 n
g(x), as the sum of independent

Poisson random variables, is itself Poisson distributed with rate
∑N

x=0 hx. As noted in
Remark 2.3,

P({ng ≡ 0})

P
({∑N

x=0 n
g(x) even

}) =
1

cosh
(∑N

x=0 hx

) . (2.32)

Multiplying these results and applying Equation (2.30) yields the inequality (2.29).

2.3 Proof of Lemma 1.5

To prove Lemma 1.5, we work from results stated in Subsection 2.1.

Proof. We recall that the random current measure for coupling constants and external
fields J and h is identical to the one for parameters |J| and |h|. Then, for any P-
measurable set M , we have∣∣∣E [(−1)#−

J,h(n1+n2)1M

]∣∣∣ ≤ E [∣∣∣(−1)#−
J,h(n1+n2)

∣∣∣1M] = E
[
(−1)#

−
|J|,|h|(n1+n2)1M

]
, (2.33)

as #−
|J|,|h|(n1 + n2) equals zero. If M := {∂n1 = ∅; ∂n2 = {i, j},�����

i
n1+n2←−−−→ g}, Equation

(2.8) can be used to re-express both expressions as

(Z̃J,h)
2| covJ,h(σi, σj)| ≤ (Z̃|J|,|h|)

2 cov|J|,|h|(σi, σj). (2.34)

But Z̃J,h and Z̃J,|h| are merely rescalings of ZJ,h and ZJ,|h|, respectively, by an identical
factor, implying the lemma.

2.4 Proof of Theorem 1.2

Theorem 1.2 can now be deduced from Theorem 1.4 and Lemma 1.5.

Proof. As Theorem 1.4 is applicable to the one-dimensional lattice with coupling con-
stants J and external fields |h|, combining the resulting bound with Lemma 1.5 yields
the estimate

covJ,h(σ0, σN ) ≤

(
N−1∏
x=0

4 tanh(Jx)

(1 + tanh(Jx))2

)
1

cosh2
(∑N

x=0 |hx|
) (Z|J|,|h|

ZJ,h

)2

. (2.35)
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The external field h can be split according to sign with h+
x := max{hx, 0} and h−

x :=

|min{hx, 0}|, so that h = h+ − h− and |h| = h+ + h−. Without loss of generality, suppose
that

∑N
x=0 h

+
x ≥

∑N
x=0 h

−
x . We will first show that

ZJ,h

Z|J|,|h|
≥

N∏
x=0

exp(−2h−
x ). (2.36)

This claim follows from the standard FKG inequality for Ising models with two-site
coupling and the convexity of the exponential function. Observe that

ZJ,h

Z|J|,|h|
=

〈∏
x∈V

exp(−2h−
x σx)

〉
|J|,|h|

. (2.37)

Because exp(−2h−
x σx) for each x is a positive-valued nonincreasing function of σ, the

FKG inequality is applicable and yields〈∏
x∈V

exp(−2h−
x σx)

〉
|J|,|h|

≥
∏
x∈V

〈
exp(−2h−

x σx)
〉
|J|,|h| . (2.38)

Jensen’s inequality then yields that〈
exp(−2h−

x σx)
〉
J,|h| ≥ exp(−2h−

x 〈σx〉|J|,|h|) (2.39)

for any x, and the fact that σx cannot exceed 1 implies the estimate (2.36).
Therefore,

1

cosh
(∑N

x=0 |hx|
) (Z|J|,|h|

ZJ,h

)
≤

∏N
x=0 exp(2h

−
x )

cosh
(∑N

x=0 |hx|
) (2.40)

=
2 exp

(
2
∑N

x=0 h
−
x

)
exp

(∑N
x=0(h

+
x + h−

x )
)
+ exp

(
−
∑N

x=0(h
+
x + h−

x )
)
(2.41)

=
2 exp

(
−
∑N

x=0(h
+
x − h−

x )
)

1 + exp
(
−2
∑N

x=0(h
+
x + h−

x )
) (2.42)

=
2 exp

(
−
∑N

x=0 hx

)
1 + exp

(
−2
∑N

x=0 |hx|
) , (2.43)

and applying this bound to the right-hand side of (2.35) completes the proof.

A Proof of Lemma 1.1

As vertices can be removed iteratively from {0, . . . , N} until the desired sub-lattice is
reached, it is sufficient to set i = 0 and j = N − 1. We can always find values A,B ∈ R
such that

log

(∑
σN

exp (JN−1σN−1σN + hNσN ))

)
= A+BσN−1 (A.1)

for σN−1 = ±1.
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Integrating out the value σN in the original Gibbs measure µ, we find that, dropping
subscripts to indicate coupling constants and external fields,

µ(σ|{0, . . . , N − 1}) = 1

Z

∑
σN

exp

(
j−1∑
x=i

(Jxσxσx+1 + hxσx) + hjσj

)
· exp(JN−1σN−1σN + hNσN )

(A.2)

=
1

Z
exp

(
N−1∑
x=0

(Jxσxσx+1 + hxσx) +A+ h′
N−1σN−1

)
, (A.3)

where we have defined h′
N−1 := hN−1 +B.

In order to bound the correction B, we note that

B =
1

2
log

( ∑
σN

exp (JN−1σN + hNσN ))∑
σN

exp (−JN−1σN + hNσN ))

)
(A.4)

=
1

2
log

(∑
σN

exp (−JN−1σN + hNσN )) exp(2JN−1σN )∑
σN

exp (−JN−1σN + hNσN ))

)
(A.5)

≤ 1

2
log

(
exp(2JN−1)

∑
σN

exp (−JN−1σN + hNσN ))∑
σN

exp (−JN−1σN + hNσN ))

)
(A.6)

= JN−1, (A.7)

and that we can similarly establish that B ≥ −JN−1, so that

|h′
N−1 − hN−1| ≤ JN−1. (A.8)
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